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Summary. The paper provides an overview of risk-adjusted charts, with examples based on two
data sets: the first consisting of outcomes following cardiac surgery and patient factors contrib-
uting to the Parsonnet score; the second being age–sex-adjusted death-rates per year under
a single general practitioner. Charts presented include the cumulative sum (CUSUM), resetting
sequential probability ratio test, the sets method and Shewhart chart. Comparisons between the
charts are made. Estimation of the process parameter and two-sided charts are also discussed.
The CUSUM is found to be the least efficient, under the average run length (ARL) criterion, of
the resetting sequential probability ratio test class of charts, but the ARL criterion is thought not
to be sensible for comparisons within that class. An empirical comparison of the sets method
and CUSUM, for binary data, shows that the sets method is more efficient when the in-control
ARL is small and more efficient for a slightly larger range of in-control ARLs when the change
in parameter being tested for is larger.The Shewart p-chart is found to be less efficient than the
CUSUM even when the change in parameter being tested for is large.

Keywords: Average run length; Cumulative sum; Performance; Resetting sequential
probability ratio test; Risk-adjusted control charts; Sets method; Shewhart

1. Introduction

Quality control originated in the industrial context, where quick detection of problems is essen-
tial for efficiency. Control charts, such as the Shewhart chart and cumulative sum (CUSUM)
chart, are a primary statistical tool of the methodology and have been used to monitor auto-
mated processes since the 1920s. Recently, it has been suggested that such monitoring schemes
could be used to monitor the performance of clinical practitioners, such as surgeons and general
practitioners (DeLeval et al., 1994; Lovegrove et al., 1997, 1999; Poloniecki et al., 1998; Steiner
et al., 2000; Spiegelhalter et al., 2003).

Unlike in industrial processes, where the ‘subjects’ (raw material) may be relatively homo-
geneous in nature, for medical applications the subjects (patients) will often vary greatly in terms
of base-line risk. If the heterogeneity of the base-line patient risk is not taken into account when
monitoring the surgeon’s performance, then the additional variability in outcome due to that
heterogeneity may mask the effect of the underlying performance of the surgeon and cause
the chart either to produce false alarms or not to respond quickly to changes in performance.
Such risk adjustment (adjustment for patient case mix) has been implemented for cumulative
observed–expected (O–E) plots by Lovegrove et al. (1997, 1999) and Poloniecki et al. (1998),
CUSUM charts (Steiner et al., 2000; Spiegelhalter et al., 2003), resetting sequential probability
ratio test (RSPRT) charts (Spiegelhalter et al., 2003), Shewhart charts (Cook et al., 2003) and
the sets method (Grigg and Farewell, 2004).
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1.1. Example data
Two example data sets are used throughout. The first is based on data from a centre for cardiac
surgery, collected over the period 1992–1998. The data consist of 30-day mortality following
surgery, age, sex, type of operation performed, diabetes status and Parsonnet score calculated
from the first four variables plus others (see Parsonnet et al. (1989)). Monitoring the data by
using risk-adjusted CUSUMs is discussed in detail by Steiner et al. (2000).

Here, the data that relate to patients of just one of the surgeons are discussed. Patient risk
is taken into account by using a logistic regression model relating the probability of surgical
failure to patient factors, i.e. a model is used to predict a patient’s risk of dying within 30 days
of their operation, given their characteristics. As in Steiner et al. (2000), a model fitted to the
data from 1992–1993 is used to set up charts to monitor the data (retrospectively) from 1994–
1998. The average failure rate, from the start of 1994, is assumed to be 0.066. The choice of
the model by use of backward elimination resulted in the Parsonnet score being the only factor
included. Since the Parsonnet score is a measure that is based on the other factors, and so is
highly correlated with them, this is unsurprising.

For this example, since the data are binary, the natural parameter on which to base moni-
toring is the odds of failure. An acceptable level of performance is taken to be that reflected by
the logistic regression model. Departures from this performance level are defined, relative to
the model, by a common increase, or decrease, in the odds of death for all patients. Because the
early detection of a problem is crucial in this instance, monitoring patient by patient is illus-
trated, except the Shewhart p-chart which updates every 79 patients (approximately 6 months
of surgery for a typical surgeon, on the basis of the training data).

The second example is based on the number of deaths per year, in the period 1987–1998,
of the patients of a single general practitioner, Harold Shipman. A public inquiry concluded
that Shipman killed at least 215 of his patients over 23 years, a rate of over nine patients a year
(Shipman Inquiry, 2002).

Monitoring charts are based on the assumption that the number of deaths per year is Poisson
distributed. The acceptable level of ‘risk’ for a specific patient of type t (male or female; aged
under 45, 45–64, 65–74, 75–84 or over 84 years) is taken to be the England and Wales average
rate of deaths per year for that type of patient, as given by Baker (2001). This is multiplied by the
number of patients of type t in Shipman’s practice to give an expected count for the assumedPois-
son distribution. A chart that is unadjusted for risk would assume that the risk for each patient is
equal to a weighted average over all types of patient of the average rates for England and Wales.
It is assumed that the acceptable rates remain the same over the period 1987–1998. In principle,
though, we could forecast the trend in rates and allow the expected rate to change over time.

For example 2, since the data are counts, the natural parameter for monitoring is the rate per
year (or risk). The null rates are taken to be the rates for England and Wales adjusted for the
age–sex distribution of patients under Shipman’s care. Departures from this level are defined to
be an increase, or decrease, in the risk of death for all patients. Since the rates are assumed to
be Poisson distributed, they can be combined into a single rate.

2. Departure from the model: observed–expected plot

Risk-adjusted O–E plots were developed by both Poloniecki et al. (1998) (who named them
cumulative-risk-adjusted mortality charts) and Lovegrove et al. (1997) (who referred to them
as variable-life-adjusted display plots).

Fig. 1 compares an unadjusted O–E plot with a risk-adjusted O–E plot. This chart is based
on example data set 1, where the patients’ outcome is a binary indicator Yt of whether patient t
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Fig. 1. O–E plot of surgical outcomes (1994–1998) for a cardiac surgeon: , unadjusted; - - - - - - -, risk
adjusted

Fig. 2. O–E plot of deaths under Harold Shipman (1987–1998), where the expected value is based on the
average for England and Wales: , all patients; - - - - - - -, females aged 75 years and over

survived 30 days after cardiac surgery. The unadjusted plot assumes that the risk of death for all
patients is the same value p (the risk averaged over the type of patient) and plots the cumulative
sum, over time, of yt −p. In contrast, the adjusted O–E plot presents the cumulative sum, over
time, of yt −pt , where pt is the estimated risk of death from the logistic regression model.

The plot that is unadjusted for risk suggests that the surgeon is performing much more poorly
than the risk-adjusted version suggests. This is because many of these operations were on high
risk patients. Only by taking this into account can we accurately assess the surgeon’s perfor-
mance.

Fig. 2 shows a risk-adjusted O–E plot for the example 2 data over the period 1987–1998. Also
shown is a comparable plot for females aged 75 years and over. Here risk adjustment means a
comparison of the observed rates under Shipman for each category of patient with the corres-
ponding expected rate based on rates for England and Wales. In this plot this corresponds to a
simple adjustment which is made by calculating, for each year, the age and sex adjusted rate for
the patient mix in Harold Shipman’s practice and then averaging over the years to give a single
rate which is used throughout the chart. For the all-patient chart this is 35 deaths per year and
for the females over 75 years chart it is 12 deaths per year. The rapid rise in the death-rate in
the latter years is clear. The increase in the overall death-rate appears to be mainly attributable
to the rise in rate for females who were over 75 years old; in 1989 and 1993, in particular, the
calculated overall excess is wholly due to an excess in deaths of females over 75 years of age.

The cumulative O–E statistic represents an intuitively useful way to represent performance
over time. However, this type of plot is not the most natural from which to determine if and
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when an alarm should be raised. The CUSUM and RSPRT charts, which are similar to the O–E
plot, are designed with this purpose in mind.

3. Resetting sequential probability ratio test and cumulative sum charts

The RSPRT and CUSUM charts are both derived from the Wald sequential probability ratio
test (SPRT) (Wald, 1945). The SPRT is a sequential test of a hypothesisH0 versus an alternative
H1. The test statistic is the log-likelihood ratio Xt in favour of H1 of the cumulative data up to
and including time t. The value of Xt can be expressed as

Xt =Xt−1 +Lt , t=1, 2, 3, . . . .1/

where X0 =0 and Lt is the log-likelihood ratio for the single data point at time t.
The SPRT terminates in favour of hypothesis H0 if the lower boundary a is crossed with

approximate type I error rate α and in favour of H1 if the upper boundary b is crossed with
approximate type II error rate β, where

a= log
(

β

1−α

)
,

b= log
(

1−β

α

)
:

.2/

If the data contain risk information, this can be taken into account in the test through the
likelihood. For example 1, the risk model relating 30-day mortality to Parsonnet score Vt was
taken to be

logit.pr/=−3:67+0:077Vr, r=1, 2, . . . ,m, .3/

where pr is the probability of a patient of type r failing within 30 days of surgery. Consider the
hypotheses to beH0: pr0 =pr andH1: pr1 =Rpr={1+ .R−1/pr}, r=1, 2, . . . ,m. If the data are
assumed to be Bernoulli distributed, then the log-likelihood ratio for the SPRT would be taken
to be

Lt = log

{
p
yt
r1.1−pr1/

1−yt

p
yt
r0.1−pr0/1−yt

}
.4/

where yt is the outcome for the tth patient.
For example 2, if we let λ=Σ10

s=1λs be the combined death-rate for all types of patient (where
λs is the rate for a patient of type s, s=1, 2, . . . , 10) and define the hypotheses to be H0: λ0 =λ
and H1: λ1 =Rλ, then (under the assumption that the data are Poisson distributed), the log-
likelihood ratio for the SPRT would be

Lt = log

{
λ
yt
1 exp.−λ1/

λ
yt
0 exp.−λ0/

}
: .5/

3.1. Cumulative sum chart
The CUSUM (strictly, the tabular CUSUM) was developed by Page (1954). As with the Wald
SPRT, the cumulative log-likelihood ratio is plotted, but in this case H0 is viewed as a null
hypothesis. Because the chart’s intended purpose is on-going monitoring and not a single sig-
nificance test, acceptance of the null hypothesis makes little sense. The chart is prevented from
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crossing the lower boundary and accepting hypothesis H0 by replacing the lower absorbing
barrier at a with a holding barrier at 0.

For the CUSUM, the cumulative log-likelihood ratio for data up to and including time t can
be written as

Xt =max.0,Xt−1 +Lt/, t=1, 2, 3, . . . , .6/

where, as for the SPRT,X0 =0 and Lt is the log-likelihood ratio for the single data point at time
t. The chart is said to ‘signal’ when Xt >h, where h defines an upper boundary for the plot. At
this point, it is expected that monitoring will stop and remedial action will be taken.

The performance of an SPRT is determined by its nominal error rates α and β, whereas the
efficiency of a CUSUM chart is quantified in terms of the length of time before an alarm, false
or true, is raised. The average run length (ARL) to detection of an alarm is a convenient and
common criterion that is used to assess a CUSUM’s performance. The ARL to detection when
the process is in state H0 is termed the in-control ARL and this is analogous to the type I error
rate of an SPRT. The out-of-control ARL is analogous to the type II error rate of an SPRT.
Typically, the in-control ARL is fixed by setting the boundary h and then the out-of-control
ARL is measured for a chart with that same boundary.

3.2. Resetting sequential probability ratio test chart
A more flexible class of charts, which includes the CUSUM as a special case, is the RSPRT
chart, suggested by Spiegelhalter et al. (2003) and discussed in detail by Grigg et al. (2003).
These, like the CUSUM, are also based on the SPRT, but rather than having a lower holding
barrier at 0 have a lower highly elastic (or resetting) barrier at a, i.e., when the lower boundary a
is reached, the chart resets to 0 and monitoring continues. So, where the CUSUM can be viewed
as a sequence of SPRTs with lower boundary at 0 and upper boundary at h, an RSPRT can be
viewed as a sequence of SPRTs with lower boundary at a and upper boundary at b. Hence the
CUSUM is an RSPRT with a=0.

Note that the barriers .a, b/ can be defined by parameters .αÅ,βÅ/ through equations (2),
replacing α and β with αÅ and βÅ respectively. The pair .αÅ,βÅ/ are simply parameters and
are chosen for convenience, and, unlike for the non-resetting SPRT, have no relationship to the
type I and II error rates α and β of the chart. Because the chart resets until the upper boundary
is crossed, the actual type I and II error rates for an RSPRT are in fact 1 and 0 respectively.

3.2.1. Optimizing αÅ and βÅ, the parameters of the resetting sequential probability ratio test
There is an infinite number of pairs .αÅ,βÅ/ (defined by equations (2) where a≈ 0 and b≈h)
that give the same in-control ARL as a CUSUM with control limit h, but only a small number
of those (giving boundaries close to .0,h/) have the same out-of-control ARL. Note, however,
that there are RSPRT charts that have a smaller out-of-control ARL than the CUSUM with
the same in-control ARL. Essentially, a small out-of-control ARL can be achieved by having a
relatively low upper boundary b which is smaller in absolute value than the lower boundary a.
This characteristic is achieved when βÅ is chosen to be very small compared with αÅ.

Considering example data 1, Fig. 3 shows, for risk-adjusted RSPRTs that are designed to
detect a doubling of the odds of 30-day mortality, how the out-of-control ARL varies for vari-
ous choices of .αÅ,βÅ/ which give the same in-control ARL. The in-control ARL for all pairs
is approximately 6700 patients, which is equivalent to roughly 6 years of surgery. The out-of-
control ARL, given alongside selected points .αÅ,βÅ/, is seen to decrease with increasing αÅ

and decreasing βÅ.
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Fig. 3. Change in out-of-control ARL for pairs .αÅ,βÅ/ given an in-control ARL of 6700 patients: RSPRTs
monitoring cardiac surgeons (example 1) (αÅ and βÅ are defining parameters related to a and b via equa-
tions (2) and are not connected to the true error rates αD1 and β D0 of the charts)

Table 1. Comparison of ARLs and run length standard deviations under
hypotheses H1 (odds D 2) and H2 (odds D 2 after 1900 observations) for pairs
.αÅ,βÅ/ � .a, b/ and in-control ARL 6700 patients (example 1 data)

αÅ βÅ a b ARL Standard deviation

H1 H2 H1 H2

CUSUM 0 4.5 193 185 120 129
0.013 0.3 −1.19 3.99 189 189 126 136
0.0352 0.0352 −3.31 3.31 174 210 121 145
0.05 0.009 −4.66 2.99 161 217 135 159
0.08 0.00045 −7.62 2.53 140 274 134 197

The problem with having αÅ set high relative to βÅ, i.e. having the lower boundary a more
extreme than the upper boundary b is that this makes it possible for substantial ‘credit’ to be
built up in the chart. Thus, unlike the CUSUM which has a holding barrier at 0, an RSPRT
chart may accumulate credit up to the amount that is needed to cross the lower boundary.

This credit is a problem if the process is not out of control from the start of monitoring, as
it would be if the alternative hypothesis H1 were true, but, rather, it goes out of control after
monitoring has been in place for a period of time. Assume, for example, that in the cardiac
surgery example the odds of 30-day mortality double after 1900 patients (the lower quartile of
the in-control run length distribution). Call this hypothesis H2. Table 1 gives the out-of-control
ARLs after the change in odds underH1, when the change is immediate, and underH2, for var-
ious pairs .αÅ,βÅ≡ .a, b//. The corresponding standard deviations are also given. The results
were obtained from simulations of 1000 runs. Table 1 shows that the ARL under H2 is greater
for the chart with high αÅ and low βÅ than for that with low αÅ and high βÅ, although under
H1 this is the other way round (as demonstrated by Fig. 3). The increase in standard deviation
under H2, and also (less noticeably) H1, as αÅ increases shows that charts with a higher αÅ
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have more variability in run length than those with a low αÅ. In view of this, minimization of
the out-of-control ARL is not a sensible optimality criterion when RSPRT charts are used for
routine monitoring.

In general, the criteria by which charts are compared in any given situation should be chosen
with the properties of the process being monitored in mind. For example, the process may be
prone to drift out of control, or to change radically at any stage or may fluctuate. Some criteria
may be completely inappropriate for choosing optimal charts under such changes.

4. The Shewhart chart

The Shewhart chart, which was developed by Walter Shewhart in the 1920s, simply charts the
actual observations (sometimes standardized) of a process. The process is deemed to be out of
control when prespecified probability limits are crossed. Usually 99% limits are set (3σ limits
on a standard Shewhart chart for normal data) so that only large changes in the process will be
detected and the false alarm rate is reduced. Often two-sided control limits are implemented,
but a one-sided limit can also be used.

Since the run length is a discrete waiting time, the run length distribution can be assumed to
be geometric with mean equal to 1 over the probability that an outcome falls outside the control
limits.

For binary data, it is nonsensical to observe whether single observations in isolation cross
probability limits. To use a Shewhart chart, the data must be grouped and assumed, for example,
to be binomial or normal. Shewhart charts for binomial data are termed p-charts.

For count data, the data can be charted as they are and assumed to be Poisson or negative
binomial distributed, for example.

A risk-adjustedversionof theShewhartp-chart forbinomial datahasbeendevelopedbyCook
et al. (2003) to track grouped binary outcomes in intensive care. There, they simply allow the
probability of failure at each groupof observations of sizent to dependon the casemix and calcu-
late theprobability limits for that groupunder the assumption that thedistributionof thenumber
of failures at each time point t may be adequately modelled as N{Σnt

i=1pit ,Σ
nt
i=1pit.1−pit/},

wherepit is the expected probability of failure of the ith patient in a group at time t.Herewemake
a stronger assumption and say that it could be modelled as B.nt , p̄t/ where p̄t = .1=nt/Σ

nt
i=1pit ,

as we feel that this may be more accurate for smaller group sizes. Nevertheless, simulations have
shown that this binomial approximation performs similarly to the normal approximation for
the case mix and group size that were examined in the examples here.

To apply a risk-adjusted Shewhart chart in the case of count data, we make the assumption
that the number of failures in a group at time t of size nt follows P.λt/ where λt = Σnt

i=1 λit ,
the sum of the individual rates of failure. This result is exact, as long as the data are Poisson
distributed. For the binomial case, it is thought that, as long as the distribution of patient
type probabilities is tight and non-skew, the approximation is reasonable, but that where the
distribution is flat or highly skewed the ARL should perhaps be checked by simulation.

4.1. Example
For the example 1 data set, suppose that we wish to conduct a one-sided test for a doubling in
the odds of 30-day mortality, i.e. to test H0: pr0 =pr versus H1: pr1 =Rpr={1+ .R−1/pr}, r=
1, 2, . . . ,m. Now, the failure rate averaged over the Parsonnet score (the factor determining case
type), p̄, can be calculated from the data set and is taken to be 0.066. For a p-chart with groups
of size 79 we wish to test whether the number of failures within 30 days under one surgeon
follows B.79,Σ79

j=1pj=79/ at the α% level. The size of group was chosen to be 79 to correspond
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Fig. 4. 6-monthly Shewhart charts testing for a doubling in the odds of 30-day mortality following cardiac
surgery (in-control ARL, 84 6-monthly periods): (a) adjusted; (b) unadjusted

roughly to 6 months of surgery for an average surgeon. For the single surgeon considered here,
79 patients correspond more closely to 9 months of surgery.

To achieve an in-control ARL of 6700 (84 sets of 79 patients), α needs to be set at 1=84=0:012.
The out-of-control ARL for this chart is 294 (four sets of 79 patients).

Fig. 4 shows a risk-adjusted Shewhart chart for the example 1 data constructed as described.
The limit is not crossed, so the odds of 30-day mortality are deemed not to have changed. For
comparison, the unadjusted chart is given as well. This has the same in- and out-of-control
ARLs as the risk-adjusted chart but has fixed limits calculated under the assumption that the
number of failures every 79 patients follows B.79, p̄=0:066/, where p̄ is the failure rate averaged
over patient type from the training data. The chart signals at the first group of observations.

5. The sets method and time-between-events Shewhart chart

The sets method for monitoring adverse outcomes was introduced by Chen (1978) as a surveil-
lance system for congenital malformations. Gallus et al. (1986) later refined the method. The
method was adapted to allow for risk adjustment by Grigg and Farewell (2004).

The risk-adjusted method is based on the ‘set’ X of weighted observations after failure up to
and including the next failure, where the weights are dependent on risk. IfX�T on n successive
occasions, then an alarm is signalled and the process is deemed to have moved from an initial
state H0 to an out-of-control state H1. When n=1, the method is equivalent to a one-sided
Shewhart-type chart monitoring time between events. The weights that were suggested by Grigg
and Farewell (2004) are pr=p̄, where p̄ is the probability of failure averaged over the type of risk
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and pr is defined as previously. Using these weights, the weight for an ‘average’ patient is 1, the
weight that is adopted in the unadjusted method.

In the original method, X∼geometric.π0/ under the null hypothesis, and similarly X∼
geometric.π1/ under the alternative hypothesis. The distribution of X for the risk-adjusted
method, however, is intractable and probability calculations involving X must be carried out
by using an empirical distribution based on simulations.

Define the eventX�T to be anA-event and a B-event its complement. The probability of an
alarm (under either hypothesis) is therefore given by

Pi.alarm/=Pn
i .A/ i=0, 1: .7/

To set the in-control ARL S0, we require that the probability of an alarm under H0 satisfies

Pi.alarm/= lim
α→∞

(
α

αDi −n+1

)
= 1
Di

i=0, 1 .8/

for i=0. For i=1 equation (8) gives the relationship between the probability of a true alarm,
P1(alarm), and the out-of-control ARL S1. The terms α and αDi − n+ 1 correspond to the
numbers of actual and possible alarms respectively, and Di=πiSi is the number of failures that
are expected over Si patients.

In terms of A-events, Pi(alarm) must also satisfy the relationship

Pi.alarm/= Pn
i .A/{1−Pi.A/}

1−Pn
i .A/

i=0, 1: .9/

This equation recognizes the fact that alarms are considered as disjoint, i.e. anA-event following
n consecutive A-events results in an alarm only if the n−1 previous A-events were not part of
a previous alarm.

Equating expressions (8) and (9) gives

Di = 1−Pn
i .A/

Pn
i .A/{1−Pi.A/} i=0, 1, .10/

which can be rearranged to give

Pi.A/={1+Di −Di Pi.A/}−1=n i=0, 1: .11/

Equations (10) and (11) are used to find values for n and T such that D1 is minimal or, equiv-
alently, so that the out-of-control ARL D1=π1 is minimal. According to Gallus et al. (1986)
simulation results suggest that D1 does have a unique minimum with respect to n and T . The
values for n and T are found by an iterative procedure that can be terminated as soon as the
value of D1 is found to be higher than at the previous iteration.

The iterative procedure is as follows, starting with n=2.

(a) Calculate the value of P0.A/ by applying Newton–Raphson iteration to equation (11),
using as an initial value the solution to equation (11) obtained for n−1.

(b) Interpolate the value of T from the simulated empirical distribution of X under H0.
(c) Interpolate the value of P1.A/ from the simulated empirical distribution of X under

H1.
(d) Calculate D1 from equation (10).
(e) If n+1>D0, stop.
(f) Increase n by 1.
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Fig. 5. Grass plot retrospectively monitoring a cardiac surgeon (example 1; nD10; T D17:31)

5.1. Example
Suppose that we want to test (for the example 1 data) H0: pr0 =pr versus H1: pr1 =Rpr={1+
.R−1/pr}, r=1, 2, . . . ,m. Assuming that the failure rate averaged over the Parsonnet score is
0.066, for a patient of type r we would add the weight pr=0:066 to X.

By simulating the in- and out-of-control distributions of X under hypotheses H0 and H1
respectively, and following the algorithm above with an in-control ARL fixed at 6700 patients,
the optimal values for n and T were found to be 10 and 17.31. The corresponding out-of-control
ARL was 324.6. Since the optimal value for n is not equal to 1, the Shewhart time between events
chart is not optimal for this particular data set. Fig. 5 illustrates a sets chart (grass plot), as
proposed by Grigg and Farewell (2004), with values of n and T that are appropriate for the
example 1 data. The chart simply plots the observation number against the cumulative size of
the current set or blade. The chart is reset to 0 (a new set is begun) after every failure.

6. Comparison of charts for binary data

Chen (1987) suggested that the original sets method performs better than the CUSUM when
the rate of adverse outcomes is low. Gallus et al. (1986) and Barbujani and Calzolari (1984)
questioned the results of Chen, but Gallus et al. (1986) argued that their modified sets method
can be more efficient than the CUSUM, but under different circumstances. The examples that
they gave demonstrate that the refined sets method performs better when the change in rates
that it is designed to detect is large, and not necessarily when the initial rate is low.

Here we have compared the sets method with the CUSUM and also the Shewhart p-chart,
using the case mix from example data set 1 as a basis for the comparison. The focus of the
comparison is on two factors: the size of the change in parameter being tested for and the case
mix probabilities. So, the relative efficiencies of the charts under testing for a doubling in odds
of 30-day mortality compared with testing for a fivefold increase were calculated. This was done
for each of three sets of case mix probabilities: the original probabilities (p̄=0:066); the original
probabilities multiplied by λ= 0:5 (p̄= 0:033); the original probabilities multiplied by λ= 1:5
(p̄=0:099).

Fig. 6 shows the ratio of the out-of-control ARL for the sets method to that for the CUSUM
measured for various values of in-control ARL (on a log-scale).

For charts testing for a larger increase in parameter (Fig. 6(b)) it appears that the sets method
ismore efficient (for the smallest twoof the three sets of casemix probabilities) than theCUSUM
for a slightly larger range of in-control ARL values than when the increase in the parameter
is smaller (Fig. 6(a)). By efficient, it is meant that the out-of-control ARL is smaller for a
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Fig. 6. Ratio of out-of-control ARL for the sets method to that of the CUSUM for fixed log(in-control ARL)
( , λD1; - - - - - - - , λD0:5; . . . . . . ., λD1:5): (a) charts testing for a doubling in odds; (b) charts testing for
a fivefold increase in odds

fixed in-control ARL. The size of case mix probabilities seems to have a noticeable effect.
The larger the case mix probabilities, the less efficient the sets method is compared with the
CUSUM. Although the effect can be seen, it does not appear to be large. However, this may be
because the change in average case mix probabilities across the three sets (0.033,0.066,0.099) is
small.

Tables 2 and 3 give the full results, including the Shewhart chart ARLs. Table 2 compares
charts testing for a doubling of the odds of 30-day mortality following cardiac surgery and
Table 3 compares charts testing for a fivefold increase.

From both Tables 2 and 3 we see that the CUSUM chart is uniformly better than the Shewhart
p-chart. For charts testing for a smaller change in odds ratio (Table 2) this is not surprising.
However, for charts testing for a larger change in odds ratio (Table 3), the Shewhart chart might
be expected to be more efficient than the CUSUM. The result is thought to be because observa-
tions must be grouped for the Shewhart chart. In the case of the larger change in odds (Table 3),
the sets method is uniformly better than the Shewhart p-chart. In the case of the smaller change
in odds (Table 2), for larger in-control run lengths (log(in-control ARL) > 8) and larger case
mix probabilities (λ=1 and λ=1:5), the Shewhart chart is more efficient than the sets method,
especially for λ=1:5.



534 O. Grigg and V. Farewell

Table 2. Out-of-control ARLs of the sets method, CUSUM and Shewhart (group size 79) charts for a fixed
in-control ARL: charts testing for a doubling in odds of 30-day mortality following cardiac surgery

λ log(in-control ARLs for the λ log(in-control ARLs for the
ARL) following methods: ARL) following methods:

Sets CUSUM Shewhart Sets CUSUM Shewhart

0.5 4.62 31.4 40.6 158 1.5 3.74 13.8 17.5 79
4.74 34.7 43.9 158 3.88 15.7 19.3 79
4.89 39.3 48.3 158 4.06 18.1 21.7 79
5.38 56.6 66.1 158 4.58 25.8 30.1 158
5.80 76.2 84.4 158 4.96 34.0 37.5 158
6.54 121 124 237 5.69 54.4 54.6 158
7.19 175 165 237 6.33 79.9 72.7 158
7.79 240 208 395 6.92 112 91.4 158
8.36 313 253 395 7.47 151 111 158
8.91 395 297 632 8.01 200 130 158
9.45 488 342 632 8.54 258 149 237
9.97 591 388 1264 9.05 331 169 237

1 4.04 18.3 23.3 79
4.18 20.6 25.6 79
4.34 23.6 28.3 79
4.84 33.8 39.0 158
5.24 45.2 49.0 158
5.97 72.6 71.5 158
6.61 107 95.3 158
7.20 146 120 158
7.76 195 145 237
8.29 254 170 237
8.82 326 196 316
9.34 415 222 316

7. Testing for improvements

When a process is to be monitored long term to detect a deterioration in the process, it is also
important to take note of improvements in the process. If improvements in the process are
ignored, a chart may be less sensitive to subsequent deteriorations in the process.

For the joint monitoring of improvement and deterioration, Page (1954) suggested the use
of a two-sided CUSUM, i.e. the combined use of two one-sided tabular CUSUMs: one to
detect improvement; one to detect deterioration. However, calculation of the ARL was not
demonstrated.

More recently, Khan (1984) investigated the relationship between the run length of two one-
sided CUSUMs, upper and lower, and a single two-sided CUSUM. The approximate formula
derived was

1
ARLc = 1

ARL+ + 1

ARL− .12/

under certain regularity conditions, where ARLc is the ARL for the two-sided CUSUM, ARL+
is the ARL for the upper one-sided CUSUM and ARL− is the ARL for the lower one-sided
CUSUM. Intuitively, the formula represents an assumption that the two sides of the chart are
independent (the regularity conditions are, essentially, that the two halves cannot interact). The
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Table 3. Out-of-control ARLs of the sets method, CUSUM and Shewhart (group size 40) charts for a fixed
in-control ARL: charts testing for a fivefold increase in odds of 30-day mortality following cardiac surgery

λ log(in-control ARLs for the λ log(in-control ARLs for the
ARL) following methods: ARL) following methods:

Sets CUSUM Shewhart Sets CUSUM Shewhart

0.5 4.84 11.3 16.5 80 1.5 3.96 6.47 7.95 40
4.87 11.6 16.6 80 3.99 6.62 8.05 40
4.89 11.8 16.8 80 4.03 6.93 8.13 40
4.92 12.5 17.0 80 4.07 7.01 8.28 40
5.08 13.2 18.1 80 4.29 7.66 9.08 40
5.55 18.3 21.8 80 4.86 10.7 11.5 40
6.22 23.2 27.8 80 5.48 14.6 14.2 40
6.72 27.5 32.2 80 5.98 18.2 16.6 40
7.24 35.2 37.2 80 6.53 21.2 19.2 40
7.79 44.1 42.5 80 7.05 24.8 21.8 80

1 4.23 7.62 9.97 40
4.26 7.75 10.1 40
4.29 7.94 10.2 40
4.33 8.31 10.4 40
4.36 8.54 10.5 40
4.56 9.47 11.4 40
5.08 13.1 14.0 40
5.74 17.2 17.7 40
6.22 20.0 20.5 80
6.77 25.8 23.8 80
7.29 30.2 27.0 80

Fig. 7. Two-sided risk-adjusted CUSUM with hu D 5:18, hl D �4:96 and in-control ARL 6700 patients
(example 1 data)

details are not shown here, but a simulation study demonstrated that this formula also applies
to RSPRTs and that it works equally well for CUSUMs and RSPRTs with risk adjustment.

Fig. 7 demonstrates a two-sided risk-adjusted CUSUM for the example 1 data. The upper and
lower boundaries have been chosen to be hu =5:18 and hl =−4:96 respectively, so that the in-
controlARLs for eachhalf of the chart are both equal to 13400.Thismeans that the overallARL
is approximately 13400=2=6700. The in-control ARLs on each side have been made the same
here tobalance out the false alarm rate.However,wemight decide to allow formore false positive
than negative alarms, or vice versa, in which case an asymmetric chart should be employed.
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8. Estimation

The primary purpose of a chart is not to estimate a process parameter. Even so, it is often natural
to want to provide some estimate of a parameter after a warning signal.

Consider an unadjusted CUSUM chart for the data of example 2, where the rate of deaths
per year, λ, is the parameter of interest. The difficulty, for a frequentist analysis at least, is that
the maximum likelihood estimate (MLE) λ̂ is biased. Although the likelihood is not affected by
the stopping rule, the sampling distribution of λ̂ is.

An approach to the problem, suggested by Grigg et al. (2003), is to obtain an MLE and then
to implement Whitehead’s (1997) method for adjusting the bias. This approach involves finding
the bias function b.λ/ for a particular chart and solving

λ̃= λ̂−b.λ̃/ .13/

where λ̂=Yn=n is the MLE of λ at the point of stoppage, n. If the bias function is difficult to
attain explicitly, a simulated approximation can work just as well.

For risk-adjusted charts, it is easier to deal with λ̄ when constructing bias curves, where λ̄ is
the failure rate (per year) averaged over the type of patient, than to have multiple bias curves,
one for each patient type’s rate.

An estimate taken from a chart can be based on all the observations, since the start of moni-
toring. However, it is common, also, to base estimates on only the data that are observed after
the estimated ‘changepoint’. This is the point at which the process is deemed to have moved
from a null state to an out-of-control state.

For RSPRTs, the time that the chart was last at a, the lower boundary, is the estimate of the
changepoint (extended from the result stated for CUSUMs by Hawkins and Olwell (1997)). For
the sets method it is estimated as being the observation before the start of the last n consecutive
sets.

8.1. Example
Consider, for the example 2 data, a two-sided CUSUM testing the null hypothesis H0: λ0 =35
versus the alternativeHu: λu =1:2λ0,Hl: λl =0:8λ0. Now, Pr{P.42/>150}≈0. Therefore, con-
straining Yt , the number of deaths per year, to be 150 or fewer should not result in much loss of
information. From Section 3, the log-likelihood ratio weights are

Wt.u/=Yt log.1:2/−7,
Wt.l/=Yt log.0:8/+7

}
Yt ∈{0, 1, 2, . . . , 150} .14/

where u and l refer to the upper and lower charts respectively.
Fig. 8 shows a two-sided CUSUM consisting of these weights monitoring the observed death-

rates per year over all types of patient under Harold Shipman, 1987–1998. Boundaries have been
arbitrarily placed at h=1, 2, 3, 4, 5 on both sides.

The chart would signal at the end of 1995 if h were chosen to be anywhere in the range [3,8]
because of the extreme increase in rate after 1994. For boundaries at (−3,3), the in-control ARL
is 52 years and the out-of-control ARL 5 years; at (−5,5), they are 403 and 7.5 years respectively.

Applying Whitehead’s method of bias adjustment to the MLE of λ at the end of 1995, calcu-
lated from all the data, results in an adjusted value of λ=41 from λ̂=42:33. An approximate
95% confidence interval for λ is [37,45].

The MLE since the chart was last at 0 (at the end of 1992) is λ̂ = 53:33. Applying White-
head’s method gives an adjusted value of λ=52. An approximate 95% confidence interval for
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Fig. 8. CUSUM monitoring death-rates per year under Harold Shipman, 1987–1998

Fig. 9. Simulated bias curves for a two-sided CUSUM with λ0 D 35, λu D 1:2λ0, λl D 0:8λ0 and hu D hl D 5
(example 2 data): ı, all data; +, data since last at 0

this adjusted estimate is [43,60]. Note that the obtained confidence interval barely overlaps the
interval that is obtained for the estimate using all the data (since 1987).

Fig. 9 illustrates the simulated bias curve for the MLE calculated by using all the data for a
two-sided CUSUM chart with λ0 = 35, λu = 1:2λ0, λl = 0:8λ0 and hu =hl = 5. The bias curve
relating to estimates calculated by using only the data since the chart was last at 0 is also given.

The fact that the choice of estimator for λ results in such different values is evidently a prob-
lem. If a change in the process occurred in 1992, we would like to estimate the parameter by
using data from that point onwards only. However, if a change had not occurred, or occurred
earlier than 1992, not using the earlier data to form the estimate might result in an estimate with
a large bias. Even if a bias adjustment were made, considerable bias could still remain.

There is an assumption here, also, that a change in process, if it occurs, will be immediate and
sustained. Changes, in practice, however, might be gradual, or intermittent. In this case, other
estimators than the two described might be more appropriate.

9. Conclusion

A variety of risk-adjusted charts have been presented here. Comparisons between the charts are
based on the empirical case mix distribution from a single data set. However, it is thought that
the results could, with due caution, be generalized to a broader spectrum of data. More work
in this area, on other contrasting data sets, is certainly required for a greater understanding of
how the methods presented compare.
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For the RSPRT class of charts (which includes the CUSUM as a special case) it is shown
that the optimal chart, under the ‘minimum out-of-control ARL for a fixed in-control ARL’
criterion is an RSPRT with low αÅ and high βÅ. It is argued, however, that this criterion is not
sensible for optimizing over this class, because the optimal chart chosen is the chart that can
build up the most credit and therefore is the least sensitive to changes in the process that occur
at any time other than early on in monitoring.

A comparison is also made between the sets method, the CUSUM and the Shewhart p-chart.
For the sets method and CUSUM, the aim was to broaden and clarify comparisons of the two
charts that have been made previously. From the results gathered, it is recommended that, when
wishing to detect small changes in a low event rate process, the sets method should be used
only if the changes need to be detected extremely quickly regardless of a higher rate of false
alarms. Otherwise, the CUSUM is perhaps the better tool. The size of the underlying case mix
probabilities has a clear but relatively small effect on the comparative efficiency of the charts in
the example that was studied. Because of the constraints of the data set, though, it is difficult to
say whether this effect might be more significant for larger changes in the case mix probabilities.

The Shewhart chart is included in the comparison, because it is a standard and simple chart.
The chart is found (for these data, at least) to be less efficient than the CUSUM. This is thought
to be because, to monitor binary data, it must necessarily work on groupings of the data. For
charts testing for larger changes in parameters, and for charts with smaller in-control ARLs
otherwise, it is also found to be less efficient than the sets method.

The importance of implementing charts that can detect improvement as well as deteriora-
tion in a process is highlighted. Taking note of improvement may prompt a re-evaluation of
the standard and, moreover, identify centres or individuals who perform well. If those centres
or individuals have a transferable method of working, a positive feed-back system could be
induced.

With regard to estimating the process parameter from a chart, rather than using the chart
directly, the parameter could be estimated by an on-going smoothing process, such as a straight-
forward exponentially weighted moving average, a Bayesian exponentially weighted moving
average or possibly by the use of full Bayesian updating. Indeed, if estimation is of central
importance, rather than quality control, using such techniques might be an alternative strategy
to the use of control charts.

Concerning the practical issue of which charts retrospectively would have been best imple-
mented to monitor the surgical data (example 1), the results of the comparison of Section 6
suggest that either the sets method or CUSUM are most efficient for the particular case mix
that was observed: the rate of deaths in the charted data (1994–1998) is 0.086, corresponding
to λ=1:3. If we had wanted to detect a change in rate quickly or to detect only large changes
in rate, the sets method would probably have been the more suitable method. However, the
CUSUM would perhaps have been easier to implement.

For the Shipman data, any chart monitoring the rate of deaths among elderly females would
have been useful for an early detection of the problem (Fig. 2, for example, illustrates that there
were over 20 excess deaths (going by the averages forEngland andWales) of females over 75 years
per year going back to the end of 1988—the results of the inquiry suggest that about half of
these were probably caused intentionally by Shipman). However, the prospective identification
by control chart of problems in such subgroups, and indeed problems that are specific to one
general practitioner among many, would prove difficult for two reasons. Firstly, using charts
to monitor several subgroups simultaneously would mean a loss of power for each individual
chart concerned, owing to the multiplicity. Secondly, the run length properties of a large group
of combined charts are as yet unknown.
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